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Abstract. We study the collapsing behaviour of Ricci-flat Kahler met- 
rics on a projective Calabi-Yau manifold which admits an abelian fibra- 
tion, when the volume of the fibers approaches zero. We show that away 
from the critical locus of the fibration the metrics collapse with locally 
bounded curvature, and along the fibers the rescaled metrics become flat 
in the limit. The limit metric on the base minus the critical locus is lo- 
cally isometric to an open dense subset of any Gromov-Hausdorff limit 
space of the Ricci-flat metrics. We then apply these results to study 
metric degenerations of families of polarized hyperkahler manifolds in 
the large complex structure limit. In this setting we prove an analog 
of a result of Gross- Wilson for K3 surfaces, which is motivated by the 
Strominger-Yau-Zaslow picture of mirror symmetry. 



1. Introduction 

In this paper, a Calabi-Yau manifold M is a compact Kahler manifold 
with vanishing first Chern class c\(M) = in H 2 (M, M). A fundamental 
theorem of Yau [35] says that on M there exists a unique Ricci-flat Kahler 
metric in each Kahler class. If we move the Kahler class towards a limit 
class on the boundary of the Kahler cone, we get a family of Ricci-flat 
Kahler metrics which degenerates in the limit. The general question of 
understanding the geometric behaviour of these metrics was raised by Yau 
[33117], Wilson [33] and others, and much work has been devoted to it, see 
for example [181 EH1 USB E31 E7J EE] and references therein. In this paper, 
we study metric degenerations of Ricci-flat Kahler metrics whose Kahler 
classes approach semi-ample non-big classes. 

The first useful observation is that the diameters of a family of Ricci-flat 
Kahler metrics &f, t £ (0,1], on a Calabi-Yau manifold M are uniformly 
bounded if their Kahler classes [u>t] tend to a limit class a on the boundary 
of the Kahler cone when t — > [37, 48J. Another special feature of the 
Kahler case is that the volume of the Ricci-flat metrics can be computed 
cohomologically, and to determine whether it will approach zero or stay 
bounded away from it, it is enough to calculate the self-intersection a n where 
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n = dime M. If a n is strictly positive, then it was proved by the second- 
named author [37] that the Ricci-flat metrics do not collapse, (i.e., there is 
a constant v > independent of t such that each u>t has a unit radius metric 
ball with volume bigger than v), and in fact converge smoothly away from 
a subvariety. If a n is zero, then the total volume of the Ricci-flat metrics 
approaches zero, so one expects to have collapsing to a lower-dimensional 
space. This was shown to be the case for elliptically fibered K3 surfaces by 
Gross- Wilson [18] , and later the second-named author considered the higher 
dimensional case when the Calabi-Yau manifold M admits a holomorphic 
fibration to a lower-dimensional Kahler space, and the limit class is the 
pullback of a Kahler class [38]. The first goal of the present paper is to 
improve the convergence result in |38| . 

Let us now describe our first result in detail. Let (M,ojm) be a compact 
Calabi-Yau n-manifold which admits a holomorphic map / : M — >• Z where 
(Z,(jjz) is a compact Kahler manifold. Thanks to Yau's theorem, we can 
assume that com is Ricci-flat. Denote by N = f(M) the image of /, and 
assume that N is an irreducible normal subvariety of Z with dimension m, 
< m < n, and that the map / : M — >■ N has connected fibers. Define 
wo := f*0JZi which is a smooth nonnegative real (1, l)-form on M with 
cohomology class on the boundary of the Kahler cone, and let a; at be the 
restriction of ojz to the regular part of N. For example, one can take either 
Z = N (if N is smooth), or Z = CP fc (if N is an algebraic variety). This 
second case arises if we have a line bundle L — > M which is semiample (some 
power is globally generated) and of Iitaka dimension m < n, so L is not big. 

In general, given a map / : M — > N as above, there is a proper analytic 
subvariety S C M such that N\f(S) is smooth and / : M\S ->■ N\f(S) is 
a smooth submersion (the set f(S) is exactly the image of the subset of M 
where the differential df does not have full rank m). For any y £ N\f(S) 
the fiber M y = f~ 1 {y) is a smooth Calabi-Yau manifold of dimension n — m, 
and it is equipped with the Kahler metric ujm\m v - The volume of the fibers 
f M (bOM\M y ) n ~ m is a homological constant which we can assume to be 1. 
Consider the Kahler metrics on M given by u)t = ojq + ttVM, with < t ^ 1, 
and call Cbt = + y—lddcpt the unique Ricci-flat Kahler metric on M 
cohomologous to ut, with potentials normalized by sup M tpt = 0. They 
satisfy a family of complex Monge- Ampere equations 

(1.1) <S? = (uh + V^lddiftT = ott n - m u%, 

where q is a constant that has a positive limit as t — > (see (|4.15p ). A 
general C° estimate H^iHc ^ C (independent of t > 0) for such equa- 
tions was proved by Demailly-Pali [9] and Eyssidieux-Guedj-Zeriahi [lOj . 
generalizing work of Kolodziej [24] • In the case under consideration, much 
more is true: the second-named author's work [38j shows that there exists a 
smooth function (p on N\f(S) so that as t goes to zero we have <pt —> pof in 
any < a < 1. Moreover u) = co N + y/^lddip is a Kahler 
metric on N\f(S) with Ric(w) = w\yp- Here u;\vp is the pullback of the 
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Weil-Petersson metric from the moduli space of polarized Calabi-Yau fibers, 
which has appeared several times before in the literature [PP ] [T8 | 134 ] [38] . 

We now assume that one (and hence every) fiber M y with y £ N\f(S) is 
biholomorphic to a complex torus. This is the case for example whenever M 
is hyperkahler. We also assume that M is projective, so we can take [u>m] to 
be the first Chern class of an ample line bundle. In this case we can improve 
the above result, thus answering Questions 4.1 and 4.2 of [39] in our setting: 



Theorem 1.1. If M is projective and if one (and hence all) of the fibers 
My with y £ N\f(S) is a torus, then as t approaches zero the Ricci-flat 
metrics Cot converge in C^ c (M\S,um) to f*u), where m is a Kdhler metric 
on N\f(S) with Ric(cL>) = w\yp- Given any compact set K C M\S there is 
a constant Ck such that the sectional curvature of ut satisfies 

(1.2) sup|Sec(w t )K C K , 

K 

for all small t > 0. Furthermore, on each torus fiber M y with y £ N\f(S) 
we have 

(1-3) — — -> USF,y, 

where ujsF,y is the unique flat metric on M y cohomologous to ojm\m v and 
the convergence is smooth and uniform as y varies on a compact subset of 
N\f(S). ' 

As remarked earlier, in the case of elliptically fibered K3 surfaces (n = 
2, m = 1) this theorem follows from the work of Gross- Wilson [18] . In higher 
dimensions, in the very special case when S is empty, the theorem (except 
(II. 2p ) also follows from the work of Fine [11] . 

The curvature bound (jl.2p in Theorem 11.11 does not hold if the generic 
fibers are not tori, as one can see for example by taking the product of two 
non-flat Calabi-Yau manifolds with the product Ricci-flat Kahler metric 
and then scaling one factor to zero. On the other hand, we believe that the 
assumption in Theorem 11.11 that M is projective is just technical. 

We now describe the second main result of the paper, which concerns the 
Gromov-Hausdorff limit of our manifolds. The Gromov-Hausdorff distance 
den was introducted by Gromov in the 1980's pj)], and it defines a topology 
on the space of isometry classes of all compact metric spaces. For two 
compact metric spaces X and Y, the Gromov-Hausdorff distance of X and 
Y is 

d GH (X,Y) = mf{dfj(X,Y) \ X,Y ^ Z isometric embeddings}, 

z 

where Z is a metric space and dfj(X,Y) denotes the standard Hausdorff 
distance between X and Y regarded as subsets in Z by the isometric em- 
beddings (see for example [15} 128] for more background). We would like to 
understand the Gromov-Hausdorff convergence of (M,u>t) in Theorem 11.11 
Since the volume of the whole manifold goes to zero, the manifolds (M,u>t) 
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are collapsing. Furthermore, from Theorem 11.11 we know that on a Zariski 
open set of M the Ricci-flat metrics collapse with locally bounded curva- 
ture. The collapsing of Riemannian manifolds in the Gromov-Hausdorff 
sense has been extensively studied from different viewpoints, see for exam- 
ple El El El [121 [111 [271 [281 [33] and the reference therein. Especially, 
the metric structure of collapsed limits of Riemannian manifolds with a uni- 
form lower bound on the Ricci curvature was studied by Cheeger-Colding 
[5j and collaborators. Regarding the collapsed Gromov-Hausdorff limit of 
the Ricci-flat metrics in Theorem II .1\ we have the following result. 

First of all, thanks to [37, 48J we know that the diameter of (M,Qt) 
satisfies diam# t (M) D, for some constant D and for all t > 0. Further- 
more, since u>t — >• f*0J and the base N is not a point, we also have that 
diamst(M) > D~ x . Given any sequence tj~ — > 0, Gromov's precompactness 
theorem shows that a subsequence of (M, Qt k ) converges to some compact 
path metric space (X,dx) in the Gromov-Hausdorff topology. Note that 
because of the upper and lower bounds for the diameter, if we rescaled 
the metrics Cjt k to have diameter equal to one, the Gromov-Hausdorff limit 
(modulo subsequences) would be isometric to (X,dx) after a rescaling. 

Theorem 1.2. In the same setting as Theorem \l.l\ for any such limit space 
(X,dx) there is an open dense subset Xq C X such that (Xo,dx) is locally 
isometric to (N\f(S),oo), i.e. there is a homeomorphism (f> : N\f(S) — > Xq 
satisfying that, for any y G N\f{S), there is a neighborhood B y C N\f(S) 
of y such that, for y\ and y2 € B y , 

du,(yi,y2) = dxO(yi), ^(ya))- 

In fact we prove that X\Xq has measure zero with respect to the renor- 
malized limit measure of |5j, which implies that Xq is dense in X. It would 
be interesting to prove that the metric completion of (N\f(S),u)) is isomet- 
ric to (X, dx). For K3 surfaces this was proved by Gross- Wilson [18J. 

As an application of Theorem 11.11 and Theorem 11.21 we study the met- 
ric degenerations of families of polarized hyperkahler manifolds in the large 
complex structure limit. In |36j, Stominger, Yau and Zaslow proposed a 
conjecture, known as the SYZ conjecture, about constructing the mirror 
manifold of a given Calabi-Yau manifold via special Lagrangian fibrations. 
Later another version of the SYZ conjecture was proposed by Gross- Wilson 
[18j . Kontsevich-Soibelman [25] and Todorov via degenerations of Ricci-flat 
Kahler-Einstein metrics. The conjecture says that if {Mt}, t G A\{0} C C, 
is a family of polarized Calabi-Yau n-manifolds whose complex structures 
tend to a large complex structure limit point when t — > 0, and u>t is the 
Ricci-flat Kahler-Einstein metric representing the polarization on Mf, then 
after rescaling (Mt,oJt) to have diameter 1, they collapse to a compact metric 
space (X, dx) in the Gromov-Hausdorff sense. Furthermore, a dense open 
subset Xq C X is a smooth manifold of real dimension n, and the codimen- 
sion of X\Xq is bigger or equal to 2. This conjecture holds trivially for tori, 
and was verified for K3 surfaces by Gross- Wilson in [18J. 
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In the third main result of this paper we consider this conjecture for higher 
dimensional hyperkahler manifolds. Let (M, /) be a compact hyperkahler 
manifold of complex dimension 2n with a Ricci-flat Kahler metric uj. We 
assume that there is an ample line bundle over M with the first Chern class 
[oji], that we have a holomorphic fibration / : M — > N as before with N a 
projective variety, and that there is a holomorphic section s : N — )• M. Un- 
der these assumptions, it is known that N = CP n [22], and that the smooth 
fibers of / are complex Lagrangian tori [26]. If we perform a hyperkahler 
rotation of the complex structure, the fibers become special Lagrangian, and 
we are exactly in the setup of Strominger, Yau and Zaslow [3B]. We further- 
more assume that the polarization induced on the torus fibers is principal. 
In this case, the SYZ mirror symmetry picture predicts that M is mirror to 
itself, and that a large complex structure limit is mirror to a large Kahler 
structure limit. We use this as our definition of large complex structure 
limit, so we have a family of polarized hyperkahler structures (M,Ci s ) with 
Ricci-flat Kahler metric Cj which approach a large complex structure limit as 
s — > oo. By assuming the validity of a standard conjecture on hyperkahler 
manifolds (Conjecture 12. 3p . we prove: 

Theorem 1.3. In the above situation, denote M s the hyperkahler manifold 
with period Cl s , and d s = diam^(M s ). Then, for any sequence s^ — > oo, a 
subsequence of (M Sk ,d~^uj) converges in the Gromov-Hausdorff sense to a 
compact metric space (X,dx), which has an open dense subset (Xo,dx) 
locally isometric to an open non-complete smooth Riemannian manifold 
(No, g) with dim^ Nq = ^ dim^ M. 

This proves the conjecture of Gross- Wilson |18j . Kontsevich-Soibelman 
[25] and Todorov in our situation, modulo these assumptions, except for 
the statement that codimR(X\X ) 2. Again, this was proved by Gross- 
Wilson [18] in the case of K3 surfaces. 

This paper is organized as follows. In Section [2] we study SYZ mirrors 
of some hyperkahler manifolds, and derive Theorem 11.31 as a consequence 
of Theorems 11.11 and 11.21 In Section [3] we construct semi-flat background 
metrics on the total space of a holomorphic torus fibration. Theorem 11.11 is 
proved in Section [4] while Theorem 11.21 is proved in Section [5] 
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2. Hyperkahler MIRROR SYMMETRY 



In this section we discuss a version of mirror symmetry for hyperkahler 
manifolds analogous to the one used for K3 surfaces in [18] . The situation for 
general hyperkahler manifolds is considerably less developed, however, and 
we shall have to make many assumptions in this discussion. The goal is to 
explain the background of Theorem 11,31 and show it follows from Theorems 
11.11 and I1.2L This discussion largely represents a summary of known results, 
and is completely analogous to [18] . 

First we review known facts about periods of hyperkahler manifolds. Fix 
M a manifold of real dimension An which supports a hyperkahler manifold 
structure with holonomy being the full group Sp(n). Set L = H 2 (M,Z), 
Lr := L (g)z R, L<c := L ®% C. Then there is a real-valued non-degenerate 
quadratic form qu : L — >• K, called the Beauville-Bogomolov form, with the 
property that there is a constant c such that 



for a 6 L, of signature (+, +,+,—,••• , — ). We write qiwi', •) for the induced 
pairing, with qM(a,a) = quia). 

We can define the period domain of M to be 



The Teichmiiller space of M, Teichjy/, is the set of hyperkahler complex 
structures on M modulo elements of Diffo(M), the diffeomorphisms of M 
isotopic to the identity. By the Bogomolov-Tian-Todorov theorem, this is a 
(non-Hausdorff) manifold. There is a period map 



taking a complex structure on M to the class of the line H 2 '°(M). Then 
Per is etale, and was proved to be surjective by Huybrechts in [21]. While 
recently Verbitsky [H] proved a suitably formulated global Torelli theorem, 
one must keep in mind that Per is not, in general, a diffeomorphism. 

Next consider a complex structure on M and Ricci-flat Kahler met- 
ric ojj making M hyperkahler. Then a choice of a holomorphic symplec- 
tic two- form fi/, along with uj, completely determines this structure. In 
particular, if we write 0/ = ujj + \J — lwx 5 we can normalize so that 
?m(wj) = Qm(uj) = Qm(^k)- Furthermore, necessarily q M (ui,uj) = 
Qm(wi,u>k) = Qm(^j,^>k) = 0. The triple ujj,ujj,ujk is called a hyperkahler 
triple. It gives rise to an S 2 worth of complex structures compatible with 
the same hyperkahler metric: in particular, one has the J complex struc- 
ture with holomorphic symplectic form f2j := ujk + y—lujj and Kahler 
form uij, and the K complex structure with holomorphic symplectic form 
£Ik + V~ l^J an d Kahler form ujk- 




V m := {[fi] G P(L C ) I qiffto) = 0, q M (tt, «) > 0}. 



Per : Teich M -»■ P M 
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Now suppose that we are given a complex structure on M such that 
there is a fibration / : M — > N, with fibers being holomorphic Lagrangian 
subvarieties of M. Suppose furthermore that iV is a Kahler manifold. Then 
by results of Matsushita (see [26] and [16], Proposition 24.8) the smooth 
fibers of / are complex tori and N is a Fano manifold with &2(iV) = 1- 
Furthermore, if M is projective of complex dimension 2n then N = CP n by 
a result of Hwang [22J. If M y is a fiber of /, then ujj\m v = wk\m v = 0, from 
which it follows that Im.{QJ^)\M y = 0, so that after hyperkahler rotation 
fibers of / are special Lagrangian. 

The Strominger-Yau-Zaslow conjecture [36] predicts that mirror symme- 
try can be explained via dualizing such a special Lagrangian torus fibration. 
In a general situation, it can be hard to dualize torus fibrations, because of 
singular fibres. The case that M is a K3 surface, treated in detail in |18j . 
is rather special because Poincare duality gives a canonical isomorphism 
between a two-torus and its dual. 

With some additional assumptions, a similar situation holds in the hy- 
perkahler case. Suppose that the Kahler form uj is integral, so that there is 
an ample line bundle C on X whose first Chern class is represented by u>j. 
The restriction of this line bundle to a non-singular fiber M y then induces 
a polarization of some type (d\, . . . , d n ). In particular there is a canonical 
map My — > My given by 

M y 3 x C\ My <8> t* x £- l \ Mv E M y y . 

Here My is the dual abelian variety to M y , classifying degree zero line 
bundles on M y , and t x : M y — > M y is given by translation by x, which 
makes sense once one chooses an origin in M y . The kernel of this map is 
(Z/diZ® • • • ©Z/d n Z)® 2 . In particular, if / possesses a section s : N — >■ M, 
and Nq := N \ f(S) where S is as in the introduction, then the dual of 
f~ 1 (No) iV"o can be described as a quotient map, given by dividing out 
by the kernel of the polarization on each fiber. One can then hope that this 
dual fibration can be compactified to a hyperkahler manifold. 

In general, if M y carries a polarization of type (d\, . . . ,d n ), it is not dif- 
ficult to check that the dual abelian variety M y carries a polarization of 
type (d n /d n , d n /d n -i, . . . , d n /dx). Thus if the polarization is not principal, 
the SYZ dual manifold need not coincide with M: see examples of non- 
principally polarized fibrations in Example 3.8 and Remark 3.9 of [31j . It 
is possible that Sawon's fibrations do not have duals which are hyperkahler 
manifolds, as a natural compactification might be a holomorphic symplectic 
variety without a holomorphic symplectic resolution of singularities. 

On the other hand, if ujj induces a principal polarization on each fiber 
My, i.e., the map M y — > M y is an isomorphism, then the SYZ dual of the 
fibration / -1 (-/V"o) — > Nq, assuming again the existence of a section, can be 
canonically identified with /~ 1 (Nq) — > Nq, and thus it is natural to consider 
/ : M — > N to be a self-dual fibration, at least at the purely topological 
level. In this case, and only in this case, SYZ mirror symmetry predicts that 
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hyperkahler manifolds are self-mirror. The idea that hyperkahler manifolds 
should be self- mirror was first suggested and explored by Verbitsky in |40j . 

In this case only, we can be more explicit about mirror symmetry. We 
summarize our assumptions so far: 

Assumptions 2.1. Let Mj be a hyperkahler manifold with f : Mr — >• N a 
complex torus fibration, along with a section s : N — >■ Mr and an ample line 
bundle C with first Chern class represented by a hyperkahler metric ojj. We 
assume further the induced polarization on the smooth fibers of f is principal 
and that N is projective. 

Thus, with these assumptions, it is natural to assume that mirror sym- 
metry exchanges complex and Kahler moduli for the fixed underlying space 
M. This can be described at the level of period domains as follows. 

Let a G Lr be the class represented by ojj. Fix an integral Kahler class 
un on N, and let E G L be represented by f*uJN, so that qM(E) = 0. 

Lemma 2.2. In the above situation, we have qjtf(E,o~) ^ 0. 

Proof. By [16], Exercise 23.2, we have 

q M (E, a) [ a 2 " = 2q M (a) [ a 2n ' 1 A f*u N ± 0, 

so q M {E, a) ^0. □ 

Denote by E 1 - C the orthogonal complement of E under qM, and 
denote by E 1 - /E the quotient space E ± /11E. Then qM induces a quadratic 
form on E^/E. Let 

C(M) :={xeE ± /E\q M (x)>0}, 
and define the complexified Kahler moduli space of M to be 
JC(Af) := (E ± /E) iC(M) C (E ± /E) C. 
We then have an isomorphism 

m E , a : IC(M) -> V M \ E 1 
via, representing an element of (E^/E) <g> C by a G E 1 - ® C, 

r = r --a + a- - + q M « + 2 t=-t B . 

q M {E,a) 2 \q M (E,a) 2 q M {E,a)J 

Indeed, one first checks that this is independent of which representative 
a is chosen. One then notes that the coefficient of E is chosen so that 
qAl(m E ,a(a)) = 0, and gM(%,j(4 m £,a(«)) = 2 <?Af(Ima) > by as- 
sumption that a G /C(M). Further, m.£. CT is clearly injective, since a = 
mE,a{ct) — o~/qM(E, a) mod E. It is surjective, since given [Tl] G ?m \ E L , 
we can rescale f2 so that c/Af ^) = 1, and then [Q] = m^ i(r (0— o~/qM (E, a) 
mod E). 
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We can then view the mirror map m e,<j described above as realising mirror 
symmetry on the level of period domains, defining an exchange of data 

(m, n, b + o (m, n, b + y/^icj). 

Here [Q], [Cl] G Vm, with qM(E,Q),qM{E,Cl) / 0, so that we can assume Q 
and Cl are normalized with qM(E,Q) = qM(E,Ct) = 1. Furthermore, B,B G 
E L /E and u;,cZ> G -E -1 satisfy <7m(w, fi) = qM{0j,&) = and (?m (w) , <?M (£>) > 
0. The relationship between the two triples is that f2 = m£ i(7 (B + \/^Tw) 
and B,lD are the unique cohomology classes satisfying the above conditions 
and fi = ?7i£,o-(B + y/—10b). Indeed, B and Ob exist, since as qM(E, £1) = 1, 
we can write = — re — \<? + B + J — 10b mod E, and replacing a chosen 
representative cl> with Ob — (qM^Ob, a)/qM(E, a) — qMfa, one guarantees 

that qM{^-,0b) = 0. 

This mirror symmetry on the level of period domains doesn't quite give 
an exact mirror symmetry on the level of moduli spaces, since global Torelli 
does not in general hold, so there might be a number of choices of complex 
structure on M with period [O]. In addition, u or Ob need not represent a 
Kahler form except for very general choices of complex structure. 

Nevertheless, this allows us to identify a large complex structure limit as 
being mirror to a large Kahler limit. The family 

M,n= -\=, — rcr + B + y/^lu mod E, soj 

q M {E,a) 

represents a large Kahler limit, with the Kahler class moving off to infinity 
while the complex structure is fixed, and this is mirror to the triple 

[M,n s = ^—ra + s/^lsu mod E, B + s/^10b ] . 

V q M {E,a) J 

If, for each s, we have an actual hyperkahler manifold with period (l s and 
Kahler form Ob, we would like to understand the limiting metric behaviour. 

To do so, we use hyperkahler rotation, and to do this we need to normalize 
the holomorphic symplectic form, defining 




qm{u) 



nor 

s 



Then we have q M (ReQ^ ov ) = g M (Im^ or ) = q M (w). So Re^ or , ImO 
and Ob form a hyperkahler triple, and hence we can hyperkahler rotate to 
obtain a hyperkahler manifold with holomorphic two-form 



V^mHV QM{E,a) 1 



and Kahler form 



nor 

s 



1 q M {a) \ s ' 
° - o — v? E + o»( W ) £ 



q M (u) [s \q M (E,a) 2q M (E,a) 2 J 2 
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We note that the period S) j is in fact independent of s, so we can fix the 
complex structure on M independent of s. Assume that E is the first Chern 
class of a nef line bundle on M with respect to a complex structure with 
period fl St j, and Cu St j is a Kahler class with respect to this complex structure 

if s ^ so, for some so 3> 0. We now take s = s 0-\/^£^ so that as t goes to 
zero, s goes to infinity and we define the rescaled metrics 

w t n j = \/t(t + l)uj s{t ),j = tu S0 ,J + ^jy/<lM{u)qM(u)E. 

So as t — > 0, ajf°j moves on a straight line towards ^y/qMi^qmi^E, and 
&s ,J is Kahler. 

To relate this to the results of this paper, we have the following conjecture, 
stated in [151 132]: 

Conjecture 2.3. Let M be an irreducible hyperkahler manifold and C a 
non-trivial nef bundle on M, with <?m(ci(jC)) = 0. Then C induces a holo- 
morphic map f : M N 1 to a projective variety N' with C m = f'*(0(l)) 
for some m > 0. 

If such a map exists, it is necessarily a holomorphic Lagrangian fibration. 
If furthermore M is projective then N' = CP™ by [22J. This conjecture 
follows from the log abundance conjecture if some multiple of C is effective, 
and has been studied for example in [U HI [191 H2] • 

Let us suppose this conjecture holds. By choosing so properly, we assume 
that ^y/ qM{w)qM{w) is a integer, and thus ^^/qM(^)qAi(u})E = f'*a 
for an ample class a on N', where /' and N' are obtained by Conjec- 
ture 12.31 Because of the hyperkahler rotation, the Riemannian metrics 
defined by (Cl™ T ,u}) and by (& S ,J, &s,j) are the same. Therefore, to un- 
derstand the Gromov-Hausdorff limit of the large complex structure limit 
(M, Cl^ OT ,u) (this is the same that appears in the statement of Theorem 
II .31) we can instead consider (M, O s ,j, u) s ,j)- Now Cl s .j is independent of 
s, so we are simply changing the Kahler class, and the rescaled metrics 
Cj t ,j = \/t(t + l)a) s ( t w = tu) SQ) j + f'*a move towards f'*a along a straight 
line. Therefore we are exactly in the setting of Theorem 11.11 and Theorem 
11.21 which describe the Gromov-Hausdorff limit of (M,ut t j) as t goes to 
zero. But as remarked in the Introduction, we also have that the diameter 
of u)u is bounded uniformly away from zero and infinity, so if we further 
rescale the metrics Cot,j to have diameter 1, then up to a subsequence the 
Gromov-Hausdorff limit only changes by a rescaling, and Theorem 11.31 fol- 
lows. 

3. Semi-flat metrics 

In this section we discuss semi- flat forms and metrics, extending some 
results in [I8j [20] to our setting. 

In general a closed real (1, l)-form ojsf on an open set U C M\S will be 
called semi-flat if its restriction to each torus fiber M y n U with y £ f(U) is 
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a flat metric, which we will always assume to be cohomologous to <jOm\m v - 
If ujsf is also Kahler then we will call it a semi-flat metric. Semi-flat forms 
can also be defined when the fibers M y are not tori but general Calabi-Yau 
manifolds, by requiring that the restriction to each fiber be Ricci-flat (see 
[34l [38]). They were first introduced by Greene-Shapere-Vafa-Yau in [14]. 

Fix now a small ball B C N\f(S) with coordinates y = (y±, . . . y m ), and 
consider the preimage f : U = f~ l {B) — > B. This is a holomorphic family of 
complex tori, and if B is small enough it has a holomorphic section ctq, which 
we also fix. We can then define a complex Lie group structure on each fiber 
My = f~ 1 (y) with unit <7o(y). We claim that this family is locally isomorphic 
to a family of the form /' : (B x C n ~ m )/A — > B, where h : A — > B is a 
lattice bundle with fiber hT l (y) = A y 9* Z 2n ~ 2m , so that M y 9* C n - m /A y . 
To see this, note that each fiber M y = f~ 1 (y) is a torus biholomorphic to 
C n ~ m /A y for some lattice A y that varies holomorphically in y. We choose a 
basis v±(y), . . . ,V2n-2m(y) of this lattice, which varies holomorphically in y. 
Given these lattices we can construct the family /' by taking the quotient of 
B x C n ~ m by the Z 2n_2m -action given by (ni, . . . , n 2n ~2m) ■ (y, z) = (y,z + 
Ylii n i v i(v))-> where z = (z±, . . . , z n - m ) G C n ~ m . Note that different choices 
of generators give isomorphic quotients. By construction the fiber f'^ 1 (y) 
is biholomorphic to f~ l {y) for all y G B. A theorem of Kodaira-Spencer 
[23] (see also [Ml Satz 3.6]) then implies that the families / and /' are 
locally isomorphic, so up to shrinking B there exists a biholomorphism {B x 
C n_m )/A — > U compatible with the projections to B, proving our claim. 
With this identification, the section <jq : B — > U is induced by the map 
B ^ Bx C n ~ m given by y i-> (y, 0). 

Composing this biholomorphism with the quotient map B x C n_m -> (5x 
C n_m ) /A by the Z 2n_2m -action we get a holomorphic map p : Bx C n ~ m -> U 
such that f °p(y, z) = y for all (y, z), and p is a local isomorphism (the map 
p is also the universal covering map of U). 

We now assume that M is projective and [ujm\ is an integral class, so 
each complex torus fiber M y , y £ B, can be polarized by [com], which gives 
an ample polarization of type (d±, . . . ,d n - m ) for some sequence of integers 
filial • • • \d n -m- By [3], Proposition 8.1.1, one can then assume that A is gen- 
erated by diei, . . . , d n _ m e n _ m , Z ly . . . , Z n _ m G C n_m , where ei, . . . , e n _ m is 
the standard basis for C n ~ m . Furthermore, the matrix Z with columns 
Zi, . . . , Z n - m must satisfy Z = Z l and ImZ positive definite. Also, on the 
fibre My, the Kahler form ^ . \J— l(Im Z)ijdz l A (iz- 7 is cohomologous to 
wm|aV Let 

Note that Z depends on y G B, as does gij. Recall that we have the fiber 
coordinates z±,..., z n _ m . Consider the function 

v(y, z) = - ^2^ ^ Zt ~ 2i ^ Zj ~ ^ ' 
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We would first like to show that \/—lddrj is invariant under translation 
by flat sections of the Gauss-Manin connection on B x C n ~ m (this is the 
connection on this bundle such that sections of A are flat sections of the 
bundle). It is enough to check invariance under translation by As for s one 
of the generators of A, A G R. First, consider the composition of 77 with a 
general translation Z{ 1— > zi + Tj(y): 

(( z i +n-Zi- fi)(zj + Tj - % - fj)) 

= *7 - JZ^j ( (Ti " f<)(«j " Zj) + ^(Ti - fi)^" - TjU , 
i,j ^ 

the last equality by the symmetry g, t j = g^. We now consider two cases. 
If Ti = X5ik for some k, so that Tj is real, then in fact the above formula 
reduces to 77, so 77 is itself invariant under this translation. Secondly, if we 
take Ti = XZik for some k, A G R, we obtain 

77 - J^(ImZ)-. 1 (2A^(ImZ) lfe (^ - %) - 2A 2 (ImZ), fc (ImZ) jfc ) 

= »7 - 2 ^fcA\/ z T(^ - %) - 2X 2 S jk (lmZ) jk . 

j 

Applying dd kills the correction term, so y/^lddr] is invariant under this 
action. This means that \/^Tddr] is the pullback under p of a two- form 
on f7 

(3.1) P*usf = V^Tddf], 

and u>sf is semi-flat since its restriction to a fiber is Ylij 9ij{y)dz l Adz J , 
a flat metric on cohomologous to um\m v - Note that the function 77 on 
B x C n ~ m has the scaling property 

(3.2) 7 ] (y,Xz) = X 2 r ] (y,z), 
for all A G R. 

We now claim that on U the semi- flat form ojsf is positive semidefinite. 
To check this, it is enough to check at one point on each fiber, because of the 
invariance of this form. We check at the point z\ = ■ ■ ■ = z n -m = 0, where 
the form is V—lJ2ij9ijdz l A dz^ , which is clearly positive semidefinite. It 
follows that ujsf ^ 0, and moreover that given any Kahler metric u' on B 
the form ojsf + is a semi-flat Kahler metric on U. 

Suppose now that we have a holomorphic section a : B — > U of the map 
/. We will denote by T a : U — > U the fiberwise translation by a (with 
respect to the section <tq). If we choose any local lift of a to B x C"~ m , 
given by y i-> (y,a(y)), then the translation T a is induced by the map 
B x C n ~ m ->Bx c n - m given by (y, z) ^ (y,z + a(y)) (the choice of lift a is 



COLLAPSING OF ABELIAN FIBRED CALABI-YAU MANIFOLDS 



13 



irrelevant). We also have a map T- a : U —> U given by fiberwise translation 
by —a (with respect to <to), which is induced by (y, z) h-> (y,z — <r(y)). 
The two translations are biholomorphisms of U and are inverses to each 
other. For later purposes, we will need the following version of the dd- 
Lemma, which is analogous to |18| Lemma 4.3] (see also |20| Proposition 
3.7]), except that we work away from the singular fibers. 

Proposition 3.1. Let ui be any Kdhler metric on U cohomologous to ojsf 
in H 2 (U,W). Then there exist a holomorphic section a : B — > U of f and a 
smooth real function £ on U such that 

(3.3) T*u SF -u = ^ldd£ 

on U. 

If in addition uj is also semi-flat, then £ is constant on each fiber M y and 
is therefore the pullback of a function from B. 

Proof. By assumption there is a 1-form £ on U such that 

u;sF-Lo = dC = d( > 1 +d( 1 > , 8(^ = 0, 

where C = C 0,1 + C 1,0 and C ' 1 = C 1 ^- 
We claim that (0, l)-forms 

(n—m \ 



, n — m, 



are invariant under translations by flat sections of the Gauss-Manin connec- 
tion on B x C n_m , and thus descend to (0, l)-forms on U. It is enough to 
check invariance under translation by As where s is a generator of A and 
A6l. First, consider a general translation Zi \-t Zi + T,(y). If r« = \5n- for 
some k, so that Tj is real, then 9j are invariant. If Tj = XZ^ for some k, 
A G R, we obtain 



n—m n—m 

9ij{ z i + AZjfc — Z{ — XZik) = Qij{zi — Zj) 

i=l i=l 



+ 2^1 (ImZ) ij . 1 A(ImZ) lfc = 9ij {zi - z t ) + 2\V=18 jk . 
i=l i=l 

Applying 9 kills the correction term, so 9j are invariant, and therefore they 
define (0, l)-forms on U. Since, for any y £ B, 

n—m 

(3.5) p* (9j\M y ) = -V^T ^ g ij (y)dz i , 

2=1 

is fiberwise constant and g^ is non-degenerate, we have that [0i|mJj * = 
1, • • • , n — m is a basis of H 0,1 {M y ). 
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We claim that there are holomorphic functions Oi : B — > C such that 

n—m 

(3.6) C ' 1 = ^ a t 9i + 8h, 

i=l 

for a complex- valued function h on U. To prove this, note that H 0,1 (U) = 
H^iJJ, Ojj) which by the Leray spectral sequence for / is isomorphic to 
H lB,B^f^Ou) since H k (B,f*Ou) = H k (B,0 B ) = for k ^ 1. It follows 
that a S-closed (0, l)-form on U represents the zero class if and only if 
its restriction to M y represents the zero class in H 0,1 (M y ) for all y € B. 
Consider now the (0, l)-forms dy 1 , 1 ^ i ^ m, on B and denote their 
pullbacks to U by the same symbol. Then at each point of U the forms 
{0j}, 1 ^ j ^ n — m together with {dy 1 }, 1 ^ i ^ m, form a basis of (0, In- 
forms. We can then write 

n—m m 

c 0,1 = E^+E^ 
j=i i=i 

where Wj,hi are smooth complex functions on U. If we now restrict to a 
fiber M y we get C 0,1 |m h = Ej =r w j0j\M y , and the functions Wj restricted to 
My can be thought of as functions on C n_m which are periodic with period 
A y . There is a holomorphic T 2n_2m -action on U which is induced by the 
action of M? n ~ 2m on B x C n_m given by x ■ (y,z) = (y,z + ]T\ XjTj{y)), 
where r,-(y) is a basis for the lattice A y (the choice of which is irrelevant). 
If a is a function or differential form on U or M y , we will denote by a its 
average with respect to the T 2n_2m -action. In particular, if a is a function 
on U then a is the pullback of a function from B. We now call aj = Wj, 
1 ^ j n — m, which are functions of y £ B only. We clearly have that 
9j = 8j and dy 1 = dy 1 , so 

n—m 

i=i 

Now the T 2n_2m -action on My is generated by holomorphic vector fields 
and therefore acts trivially on the Dolbeault cohomology H a ' l (M y ), which 
implies that 



in H a ' l (M y ) for all y £ B. If we show that the <Jj(y) are holomorphic, then 
the (0, l)-form £ 0,1 — Ylj a j(y)@j on ^ would be 9-closed and cohomologous 
to zero in H°' l {U), thus proving (|3.6p . 

Call now Vj, 1 ^ j ^ n — m and Wj, 1 ^ i ^ m the T 2n_2m -invariant 
(0, l)-type vector fields on U which are the dual basis to Oj^dy 1 . We have 
that Vj = \/— lSfc=i" 9^W^i where gi k is the inverse matrix of g^, and 
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the vector fields are well-defined on U. We will not need the explicit 
formula for Wi, but just the fact that if a function / on U is the pullback 
of a function on B then Wi(f) = J=-. 

To see why (Jj{y) is holomorphic, compute 

= 5C ' 1 = W i( w iW Ad j + Yl V ^ w i) i A °i 

+ Y W j (h i )dg i Ady z + Y^ VjQiiWj A dy\ 

Since each Vj is a linear combination of g§-, we have that the functions 
Vj(u;j) and Vjihj) have average zero on each fiber. Taking the average then 
gives 

u 8 ** iffy 

Since the forms dy 1 A0j and dy 3 Ady 1 are linearly independent at every point, 
this implies that <7j(y) are indeed holomorphic. 

Let now T a : U — > U be the translation induced by the section a = 
(po o"i, • • ■ ,p o <r n _ m ), where p : B x C n_m — )• C7 is the quotient map. Since 

9ij 



h3 



i,3 



i,3 

we have 



P*T*uj sf -p*uj S F = -V^ldd^2gij(ai - ai){zj - Zj) + V^ldd$>(y) 

i,3 

= P* (-dj^^i-dj^^] +V=ldd$(y), 

where 3>(y) = — J2%j ^2~( a i ~ ~ &j) is a rea l function of y only. We 

have just proved that 

ui sf — cj = d(°> 1 + 8(^=8^ °A + ddh + dJ2^i + 9dh. 

i i 

Thus 

p*T*u SF -p*u = p*^/^ldd(2Imh + $), 
which proves (|3,3p with £ = 2Im/i + $. □ 
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4. Estimates and smooth convergence 

In this section we prove a priori estimates of all orders for the Ricci-flat 
metrics ut which are uniform on compact sets of M\S, and then use these 
to prove Theorem ll.il These estimates improve the results in [38], and use 
crucially the assumptions that M is projective and that the smooth fibers 
My are tori. 

From now on we fix a small ball B C N\f(S), and as before we call 
U = f~ 1 (B) and we have the holomorphic covering map p : B x C n_m — y JJ, 
with / o p(y, z) = y where (y, z) = (y 1 , . . . 

> Urm ■ ■ ■ i Zn—m) the standard 

coordinates on B x C n ~ m . 

Lemma 4.1. There is a constant C such that on U the Ricci-flat metrics 
ut satisfy 

(4.1) C~ Vo + tu M ) < ^ C(u + tw M ), 

for all small t > 0. 

Proof. This estimate is contained in the second-named author's work [38] . 
although it is not explicitly stated there. To see this, start from |38|. (3.24)], 
which gives a constant C so that on U we have 

C-\tu M ) < &t- 
Then use [38l Lemma 3.1] to get 

C _1 w < u) t , 

and so adding these two inequalities we get 

C _1 (o;o + tu M ) ^ w t! 

or in other words tr& t u>t ^ C on {/, where u> t = + £<^M as before. To get 
the reverse inequality, we note that on U we have 

tr^t < (tr^wt)"- 1 -^ < C-^ < C, 

where the last inequality follows from |38|. (3.23)]. We thus get the reverse 
inequality 

L0 t < C(uo + tUJM), 

thus proving (|4.ip . □ 
We now let X t : B x C n " m -> 5 x C n " m be the dilation 

My, 2) = u/, -4= 

which takes the lattice vr A y to . If we pull back the Kahler potential tp t 
on U via p we get a function pt op on -B x C n ~ m which is periodic in z with 
period A^, i.e. <^ f o p(y, z + £) = tp t o p(y, z) for all £ G A^. The function 
tp t opo \ t is then periodic in z with period y/tAy. Note that since uq is the 
pullback of a metric from N\f(S), we have A*p*wo = p*wo- 
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Recall now that we have a positive semidefinite semi- flat form ujsf on 
U, and that ujq + ujsf is then a semi- flat Kahler metric on U. Since U 
is diffeomorphic to a product B x M y , it follows that ojsf and ojm are 
cohomologous on U. We now apply Proposition 13.11 and get a holomorphic 
section a : B — > U and a real function £ on J7 such that 

(4.2) r> S F - % = v^isse 

on C7, where T a is the fiberwise translation by a. 

Lemma 4.2. There is a constant C such that on the whole of B x C"~ m 
we Ziaue 

(4.3) C-y (wo + w 5 f) < KP*T1M < Cp* (w + 
/or a// small t > 0. 

Proof. First of all notice that after replacing [7 with a slightly smaller open 
set, the semi- flat metric wo + ^sf is uniformly equivalent to ljm, which 
implies that 

(4.4) C^Vo + tusF) < w + twAf < C(w + Ujsf), 



for all small t > 0. Thanks to Lemma l4.1l on [7 we have that 

C- Vo + tr> A/ ) < Tl a u> t < C(w + tT*_ a uj M ), 
and since T*_ ujm is uniformly equivalent to wjy we also have that 

(4.5) (TVo + tu M ) < T-a&t sC C(w + ^m), 
and combining (|4.4p and (|4.5|) we get 

(4.6) C~ Vo + *wsf) < r^wt < C{cj + tu SF ), 
on U. If we pull back (|4.6p by p o Aj we get 

(4.7) C^V^o + t>$p*u SF ) < KP*Tl a co t < C(p*wo + tA t VW), 

on all of Bx C n ~ m . We claim that on the whole of -B x C n_m we have that 

(4.8) t\* t p*u SF = V*u S f- 

In fact, the construction of in section [3] gives that p*cjsf = V—lddr], 
for a function r] on B x C n_m that satisfies 

(4.9) 77 o A t (y, z) = r] (y, = ^i](y, z), 

for all (y, z) in B x C n_m and any i > 0. It follows then that 

(4.10) t\*p*Lj S F = t\* t y/^lddrj = t^^Tdd(rj o A t ) = V^lddi] = p*uj S f, 
as claimed. Combining (|4.7p and (j4.8|) we get the bound ()4.3p . □ 
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Proposition 4.3. Given any compact set K in B x C n_m and any k ^ 
there exists a constant C independent of t > such that 

(4.H) \\Kv*t1M\chk,s) ^ c, 

where 5 is the Euclidean metric on B x C n ~ m . 
Proof. We pull back (jl.ip via T^ a o p o X t and get 

(X*p*Tl a cj t ny,z) = c t t n - m (X* tP *T*_ a oj M r(y,z) 

= c t (p*T*_ a u JM r(y, ' 



St J' 

since the pullback under X t of any volume form f(y, z)dy l A • • • A dz n ~ m on 
B x C n - m equals t m ~ n f(y, ^dy 1 A • • • A d~z n ~ m . We now claim that in fact 



we have 

To see this, consider the (n, 0)-form 

dy 1 A • • • A dy rn A dz 1 A • • • A dz n ~ m 

on B x C n ~ m . This form is invariant under the Z 2n_2m -action described 
above 

(ni, . . . , n 2n _ 2m ) • (y, z) = (y, z + ^ n^y)), 

i 

where (y,z) = (yi, . . . >2/m> ^l) • • • j Zn—m)i and so it descends to a holomor- 
phic (n, 0)-form to the quotient (BxC n ~ m )/A and using the biholomorphism 
with U we get a holomorphic (re, 0)-form on U. We can then consider the 
volume form (\A- l) n A f2, and we have 

where /i is a smooth positive function on U. Taking yf—\dd log of both sides 
we get 

V^idd log /i = v/^Taaiog ~% M _ = o, 

since T*_ a UM is Ricci-fiat and is a holomorphic (re, 0)-form. So log /i is 
pluriharmonic on U, and this implies that its restriction to any fiber M y 
with y € B is constant. Pulling back via p we get 

(p*T*_ a u; n M )(y, z) = (ho p)(y, z)(v^TTV A • • • A 

but since /i is constant along the fibers of / and p is compatible with the pro- 
jection to B we get that the function {hop){y, z) on B x <C n-m is independent 
of z. In particular we have 
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and so the rescaled metrics \* t p*T^ a Cot satisfy the nondegenerate complex 
Monge- Ampere equation 

(AtVW = b*^o + t\lp*Tl a ujM + V^ldd&) n = c t {fTl a u M ) n 
on B x C"~ m , where we have set 

tpt = <Pt° T-v °P° h- 
We claim that the estimates (|4.1ip hold. To see this, we use (|4.2p and get 

(4.12) p*uj SF = P*Tl a u M + V*Tl a V^lddt 

for a function £ on {/. On £? x C n_m we can then use (|4,10p and (|4.12p and 
write 

X*p*Tl a ui t = p*u + t\*p*Tl a u) M + y/^lddcpt 



(4.13) , _ 
= p*co +p*cj SF -t\*p*T* a V-1-ddt + V-ldd<p t 

= p*(u) + uj S f) + V^lddut, 

where for simplicity we write ut = (f>t — t{^oT_ a opo \ t ). The functions Ut 
are uniformly bounded in C°(B x C n_m ) because of the L°° bound for cpt 
from [9j [10] and because £ is a fixed function on U. The functions Ut satisfy 
the complex Monge- Ampere equations 

(4.14) (p*uj + P*ujsf + V^lddu t ) n = c t (p*T:^ M ) n 

on B x C n_m , and on any compact subset K of B x C n_m the Kahler metric 
P*(ujq + w Sf) is C°° equivalent to the Euclidean metric 5 (with constants 
that depend only on K). The bounds ([4.3|) imply that 

C _1 <J < p*(w + uj S f) + V-Lddin < C6, 

on if for all small t > 0, where C depends on ET. The constants q are 
bounded uniformly and away from zero, because by definition we have 



(„ \ C , ,m a , ,n—m 
w fci^M >0i 

see also |10j . |38(. (2.6)]. After shrinking if slightly we can then apply the 
Evans-Krylov theory (as explained for example in |X3|, I32j ) and Schauder 
estimates to get higher order estimates \\ut \\c k (K,S) ^ C(k) for all k ^ 0, 
thus proving (14, lip . □ 

Lemma 4.4. Given any compact set K C M\S there is a constant Ck such 
that the sectional curvature of u>t satisfies 

(4.16) sup | Sec (wt) | ^ C K , 

K 

for all small t > 0. 
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Proof. We can assume that K is sufficiently small so that f(K) C B for a 
ball B as before, and that there is a compact set K' C B x C n ~ m so that 
p : if' — > T a (K) is a biholomorphism. We then have 

sup |Sec(cut)| = sup |Sec(T!!H .a7t) | = sup \Sec{p*Tl a u;t)\ 

K Ta-(K) K' 

= sup |Sec(A£p*T! xD t )|. 

For t > small enough, the sets A^iT) are all contained in a fixed compact 
set K" C B x C n ~ m . From (|4.3p and ()4. 1 1|) we then get a uniform bound 
for the sectional curvatures of X^p*T* a u>t on K" , and this proves (|4.16p . □ 

Lemma 4.5. Given any compact set K in B x C n_m and any k ^ there 
exists a constant C independent of t > sac/i i/iai 

(4-17) \\P*Tl^t\\cHK,8) < C, 

where 5 is the Euclidean metric on B x C n ~ m . 

Proof. Given ET, for all i > small enoug hthe sets AT; 1 (if) are all contained 
in a fixed compact set K' C Bx C n ~ m . We wish to deduce (|4.17p from (|4.1ip . 
To see this, write onBx 



~"n—m 



+ £ C~(t, y, z)dy i A d& + D i3 (t, y, z)dz i A dyA . 



Thanks to (|4.1ip . on K' the coefficents A,B,C,D satisfy uniform C k es- 
timates in the variables (y, z) independent of t. We then pull back this 
equation via the map A]/ t (the inverse of At) and get 

+ ViJ2 %(*, V, zViW A d*» + yft Dg(t, y, zVi)dz i A dy j 

and the new coefficients are uniformly bounded in C k on K, thus proving 
(UTTTD . □ 

Proposition 4.6. ^4s t goes to zero we have 

m C^ C (M\S, lom), where u = ojn + \/—lddip is a Kahler metric on N\f(S) 
with Ric(cj) = w\vp as in Theorem \l.l\ 

Proof. Recall that Cot = uiq + tujM + y/—ldd<pt, so that 

p*Tl a u t = p*uj + tp*Tl a uj M + V—ldd(<pt o XL (j o p). 
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We now fix a compact set K C M\S, which we can assume is sufficiently 
small so that f(K) C B for a ball B as before, and that there is a compact 
set K' C B x C n_m such that p : K' — >• T a (K) is a biholomorphism. From 
(|4.17j) (together with the L°° bound for <p t from PUD]) we see that 

\\<Pt T- a o P \\ ok ^ Kl ^ ^C(k), 

and therefore also 

(4-18) WvhWcHK^m) < 

since T_ CT o p : IT' — >• K is a fixed biholomorphism. From |38J we know 
that tp t — > f*(p in C 1 ^(M\S,u)m), and so (|4.18|) implies that (ft — > f*<p in 
Cf£.(M\S, oj m ), and therefore that Cj t /*w in C^.(M\S, com)- □ 

As a corollary of this, for any compact subset -KT C M\S, there is a 
positive function e(t) which goes to zero as t — > 0, such that 

(4.19) f*u - e(t)oj M ^oj t ^ f*co + e(t)u M 
on K, as well as 

(4.20) e- £ ^f*uj < u t . 

We now finish the proof of Theorem 11.11 We have already proved the first 
two statements in Proposition 14.61 and Lemma 14,4^ and it remains to prove 
(II. 3p . First, we need the following lemma. 

Lemma 4.7. As t goes to zero we have 

(4.21) \* t P*Tl a u t -> p*(u, SF + f*u) 

in Cf£ c {B x C n ~ m ,5), where 5 is the Euclidean metric. 

Proof. Recall that from (|4"7T3j) we see that on B x C n ~ m 

X* t P*Tl a Cj t = p*(oj + ojsf) + V-Lddu t , 

where the functions Ut = <pt~ tXtP*Tl a £ have uniform C°° bounds on com- 
pact sets. We need to show that as t goes to zero we have ut — > (/ °p)*ip in 
C%.(B x C n - m , 5), where f*(p is the C 1 '" limit of <p t from [38J. To prove this 
we need another estimate from the second-named author's work |38|. (3.9)], 
which implies that there is a constant C (that depends on the initial choice 
of B) so that for all < t ^ 1 we have 



(4.22) 



SUpOSCA/ H (/?i ^ Ct. 
yeB 
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We now use this together with the fact that ipt — > f*ip in C° to get that for 
any (y, z) in B x C n ~ m we have 



\<pt(y,z) - (/ °p)*<p(y,z)\ 



(fit ° o p (y 



<p(y) 



+ \<pt ° p(y, z) - ((/V) ° 



^t°p(y,-^-cr(y) 



< Ct + sup\ip t - /VI i 

where in the last line we used (|4.22p because the points p(y, ^= — a(y)) and 
p(y,z) lie in the same fiber M y . Letting t go to zero we see that (pt — > 
(/ °p)V ha C°(5 x C n ~ m ). On the other hand we have that t\^p*S, — > in 
C°{BxC n - m ), andsou t -»• (fop)*ip in C°(B x <C n - m ). Thanks to the higher 
order estimates for itt, we also have that «t — > (/op)V in C^ C (B x C n_m , <5), 
up to shrinking B slightly. □ 



We can now complete the proof of Theorem 11.11 
Proof. Recall that thanks to Lemma 14.71 on B x Qn-m wg can wr ^ e 

X* tP *Tl a ij t -p*(uj SF + foj) = Ek, 
where the error term Et is a (1, l)-form that goes to zero smoothly on 



compact sets. From (14. 8j) we also have that 

E t = \* t p*(Tl a u H - f*u-tuj SF ). 

If we restrict the form T* a ojt — f*oj — tujsF to a fiber M y and divide by t we 
get 



Et 
t 



WxC" 



A* 



t 



Pulling back this via the map Xi/t (the inverse of At) we get 



t 



P 



Tl a oj t \ My 



Explicitly we have X\/t(y, z) = (y, zyi), which implies that X*^ t dz l = \^idz\ 
and so 



K/t E t 



{y}xC n - m 



(y,z) = E t 



{y}xC n ~ m 



(y,zVt), 



which goes to zero smoothly as t approaches zero, uniformly in y. It follows 
that T -°^ M v converges smoothly to LOsF,y, and the convergence is uniform 
as y varies on compact sets of N\f(S). Pulling back via T a , and using the 

fact that T*us F ,y = ^SF,y, we see that also ^ y converges smoothly to 
°JSF,y, as desired. □ 
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Remark 4.8. Note that in particular we get the estimate 

sup\V(u\ My )\ 2 <Ct 2 , 

My WM 

which improves [551 (2-11)]. 

5. GrOMOV-HAUSDORFF CONVERGENCE 

In this section we study the collapsed Gromov-Hausdorff limits of the 
Ricci-flat metrics u>t an d prove Theorem 11.21 

Lemma 5.1. There is an open subset Xq C X such that (Xo,dx) is locally 
isometric to (Nq,uj) where Nq = N\f(S), i.e. there is a homeomorphism 
4> : Nq — > Xq such that, for any y £ Nq, there is a neighborhood B y C iVo of 
y satisfying that, if y\ and y2 £ B y , 

du{yi,y2) = dxO(yi), 0(y2))- 

Furthermore, for any y 6 Nq, there is a compact neighborhood B C Nq and a 
holomorphic section s : B — > f~ 1 (B), i.e., f o s = id, such that s(y) — > (j)(y) 
under the Gromov-Hausdorff convergence of {M,ujt k ) to (X,dx). 

Proof. Let A be a countable dense subset of Nq, and K C iVo be a compact 
subset with the interior vatK non-empty. Let {B{\ be a finite covering of 
K with small Euclidean balls such that each of the concentric balls B[ of 
half radius still cover K. Let Si : Bi — > f [Bj) be sections on Bi, i.e., 
holomorphic maps with / o Sj = id. 

Now, we define a map <\> from A n K = {ai, ct2, • • • } to X. Suppose 
that the point a\ lies inside the ball B[, and consider the points Sj(ai) 
inside M. Under the Gromov-Hausdorff convergence of {M, ujf, ) to (X, dx), 
a subsequence of these points converges to a point b\ in X, because the 
diameter of (M, ujt k ) is uniformly bounded. If a\ also lies inside another ball 
B'-, then (|1.3j> (or also [381 (2-10)]) shows that d& t (sj(ai), s 3 -(oi)) — >■ when 
tit — >• 0. Thus, by passing to subsequences, both Sj(ai) and sj(ai) converge to 
the same point b\ £ X under the Gromov-Hausdorff convergence of (M, ut k ) 
to (X, dx). We then define <f>{a{) = b%. For ai, by repeating the above 
procedure, we obtain that a subsequence SiJcij), j = 1,2, converges to bj £ 
X, j = 1, 2, respectively. Define <j>(fl2) = &2- By repeating this procedure and 
with a diagonal argument, we can find a subsequence of (M,u>t k ), denoted 
by (M,ibt k ) also, such that Si.[a,j) converges to bj £ X along the Gromov- 
Hausdorff convergence. For any aj £ A n X, define </>(cij) = bj. 

Now, we prove that (j) : A n int K — > X is injective. If it is not true, there 
are y\, y2 £ An'mtK such that y\ 7^ y2, and 0(yi) = (p(y 2 ), which implies 
dai tk (sii(yi)) s h(y2)) ~~ 0- If 7fc is a minimal geodesic in (M,u) tk ) connecting 
s h (yi) and s i2 (y 2 ), then 

C7- 1 length Wjv (/( 7fe ) nif)< lengthy ( 7fe n ^ cfc^ (a^G/i), Si 2 (y 2 )), 
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by (|4.1j) for a constant C > independent of k. Thus, if /(7/e) C if for 
t k « 1, 

dco N (yi,V2) < Clength WiV (/(7 fc )) -»• 0, 

or, if /(7fc) n iV\if are not empty by passing to a subsequence, 

d UN {y l: dK) + d UN {dK,y 2 ) < Clength aJjv (/( 7fc ) n if) -> 0. 

In both cases, we obtain contradictions. Thus : >1 flint if — > X is injective. 

Note that there is a r > such that, for any y £ int if, the metric ball 
Bu(y,r) is a geodesically convex set, i.e. for any y\ and y 2 G B lJJ (y,r), there 
is a minimal geodesic 7 C B u (y,r) connecting yi and y 2 , which implies 

^(2/1,2/2) = length^) sC 2r. 

We take r«l such that there is a B[ with B u {y,2r) <Z B[. Hyi,y 2 & A, 
by Proposition 14. 6[ 

dx(<t>(yi)A(y2)) = hm . cfo t Asi{yi),Si{y 2 )) < lim lengthy (^(7)) 

i fc -+0 fc i fc ->0 l fc 

= lengthy (7) = d u (yi,y 2 ). 

If 7fc is a minimal geodesic in (M,u tk ) connecting Sj(yi) and Si(y 2 ), then 
P~20j) implies that 

e _£ ^ lengths/ft*) n B u (y,2r)) < length-^ ft fc ) -> d x {<t>{yi), ^(ite)), 

for some function — >• as t — >• 0. If /ft&) C B^{y,2r) for <C 1 by 
passing to a subsequence, 

lengthy (/ft*)) ^ lengthy (7), 

since 7 is a minimal geodesic in (Nq, oj). If /ftfc) 1 " 1 No\B ul (y, 2r) is not empty 
for i A < 1, then there isaj/G /ft fc ) f N \B u (y, 2r). Since j/i, y 2 G B u (y,r) 
and /ftfc) connects yi and y 2 , 

lengthy (/ft*) f B w (y,2r)) > d^y^y) + cUy 2 ,y) ^ 2r ^ length^ft). 

In both cases, 

du{yi,y 2 ) = length^ft) < lim ^ lengthy (/ftfc) n -B u (y, 2r)) 

< dx{4>{yx),<t>{y2))- 

Thus d 0J (yi,y 2 ) = dx(4>(yi), <f>(y 2 )), which shows that : (A D int if, d^) ->■ 
(X, dx) is a local isometric embedding. If {yij} and {y2,j} are two se- 
quences in A f int if such that ]xaij-+ 00 dufyj , y) = for i = 1,2, then 
lim^oo d w (yij,y 2 j) = and {yij,y 2 ,j} C B u (y,r) for j > 1. Hence 
d u (yi,j,y 2 ,j) = d x l<P{yi,j),4>(y 2 ,j)) and d w {y i> j,y i j + t) = dx((f>(yi,j),<P(yij+e)) 
for j S> 1 and any £ ^ 0, which implies that {</>(yi,j)} and {^(y2,j)} are two 
Cauchy sequences, and converge to a unique point x £ X. By defining 
4>{y) = x i 4> extends to a unique map, denoted still by (f>, from int if to X 
which is also a local isometric embedding. 

Now we prove that (j)(mt if) is an open subset of X. Let x £ (f)(mt if), i.e. 
there is a y 6 int if such that 4>(y) = x, and let x' £ X with dx(x,x') < p 
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for a constant p < %du(y,dK). From the above construction, y E B[ for 
a B[, and Si(y) — > x under Gromov-Hausdorff convergence. There is a 
sequence of points p k £ (M,uit k ) such that p k — > a;' under the Gromov- 
Hausdorff convergence. If 7^ is a minimal geodesic connecting Si(y) and 
in (M,ui tk ), then 

dco tk (si(y),p k ) = lengthy (7^.) d x (x,x'). 

Equation (j4.20p implies that, for S> 1, 

-length,^) n K) < e -% i length a) (/( 7 ^) n tf) 

^ lengthy (7^) < 2p < -d w (y,dK). 

Thus f(pk) € K' C intK where K 7 is a compact subset of int if. By 
passing to a subsequence, f(p k ) — > y' in (K',uj). By Proposition 14. 6\ 
dcj tk {pk,s ik (f(p k ))) -> when i fc -> 0, and, thus, s ik (f(p k )) ->■ under 
the Gromov-Hausdorff convergence. The above construction shows that 
</>(?/) = x', which implies that {x'\dx(x, x') < p} C 0(intif). Hence 
0(int if) is open, and <j) : int if — > <p(mt K) is a homeomorphism. 

Let Kq C • • • C Kj C if?+i C • • • C iVo be a family of compact subsets 
with iVo = (J ■ int Kj. Given each Kj, the above argument constructs a local 
isometric embedding <j)j : (int Kj,u) — > (X,dx), which is a homeomorphism 
onto the image <f>j(mt Kj). By the same argument as above, 4>j extends to a 
local isometric embedding <pj+i : (int ifj+i, w) — >■ (X, c2x)i i-e. 4>j+i\mtKj = 
0,-, which is a homeomorphism onto the image 0j+i(int ifj+i). By a diagonal 
argument, we obtain a local isometry <f> : (Nq,uj) — > (<fi(No),dx) C (X, dx)- 

□ 

The above lemma proves the existence of in Theorem 11.21 and is an 
analog of Lemma 4.1 in [30J for the collapsing case. In the rest of this 
section, we prove that Xq = 4>{Nq) is dense in X. 

Let x £ Xq and p k £ M such that p k — > x under the Gromov-Hausdorff 
convergence of (M, u) tfe ) to (X, dx ) , and let 

Vob tfc (i^ t >,r)) 

for any p € M and r > 0. By Theorem 1.6 in [5], there is a continuous 
function V_ : X x [0, 00) —> [0, 00) such that, if p k — > x under the convergence 
of (M,oj tk ) to (X,d x ), then 

(5-1) V k (Pk,r)^V (x,r). 

By Theorem 1.10 in [5], V_ induces a unique Radon measure u on X such 
that 

(5.2) u(B dx (x,r)) = V X) (x,r), and ^x(^n)) (r } > 
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for any x G X, r\ ^ r2, where p(ri,r2) is a function of r\ and r2- For any 
compact subset K C X, 



where Ui^dx( x «' r *) ^ By scaling uj t and w by one positive number, we 
assume that f? w (0 -1 (a;), 2) C No and is a geodesically convex set. 

Lemma 5.2. There is a constant v > swc/i that 



whenever i £ lo and r ^ 1 is such that B^ip 1 (x),2r) is a geodesically 
convex subset of (Nq,lj). 

Proof. If pk — )• x under the convergence of (M,oj tk ) to (X,dx), we claim 
that a subsequence of p k converges to a point p' G / -1 (^ -1 (a;)) under 
the metric wjvf on M . By Lemma 15.11 there is a compact neighborhood 
B C iVo of </> _1 (x) and a section s : B — > f^ 1 (B) such that s(cf)~ 1 (x)) — > x 
under the Gromov-Hausdorff convergence of (M, ui tk ) to (X, dx)- Thus 
da; tk (pk, s(cp~ 1 (x))) — > when tj. — > 0. By Lemma WA\ there are curves 7^ 
connecting p^ and s{4>~ l {x)) such that lengthy (7^) = cfc, tfc (p*,, s(</> _1 (x))), 



lengthy (/( 7fc ) OB) = lengthy ( 7fc D r\B)) ^ C^ength^ ( 7fc ) -> 0. 
For a A; S> 1, if there is a G f{pj k )\B, then 

lengthy (/(7fc) nB) ^ dwoG/fc, ^(V)) ^ p, 



where p > such that B UQ (4> 1 (x),p) C -B, which is a contradiction. 
Thus /( 7fc ) C B for fe > 1, length Wo (/( 7 fc)) -> and /(p fc ) converges to 
(/> _1 (x) under the metric wo- By passing to a subsequence, p^ converges 
to a point p' under the metric com- Since /*wo sj Cum for a constant 



C > 0, d U0 {f(p k )J{p')) < C"3^(p fcjJ /) 0. Hence /(p') = ^(z) and 



Let r satisfy r ^ 1, and 2? C j(</> _1 (a;), 2r) is a geodesically convex subset of 
(iVo,w). If g G f^ 1 (B UJ ((/)~ 1 (x), 2r)), there is a curve 7 connecting p' and g 
such that /( 7 ) is the unique minimal geodesic connecting 4>~ l (x) and /(g). 
Thanks to (14.19P we have 

f*u> - s(t k )u)M < &t k ^ /*w + e{t k )uj M 
where e(tk) — >■ when t k — > 0, on f~ 1 (B 0J ((j)~ 1 (x), 2r)). We obtain that 





and 



da tk (jp',q) «S lengthy (7) < lengthy (/ (7)) + Ce(t k )h 
= d ul (r 1 (x)J(q)) + Ce(t k ) 1 2. 



_ £ (tfc) 

e 
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If 7^ is a minimal geodesic of Cjt k connecting p' and q, then (I4.20|) gives 

du, tk (p',q) = lengthy ( 7fe ) > e~ ^ lengthy (f{%) H B u (0 _1 (a?),2r)). 
If /(7fe) C B.^W.Sr), then 

lengthj/fa) n ^(^(x), 2r)) > lengths/ft)) = (L^x), /(g)), 
and, otherwise, 

length tJ (/(7 fc )n J B tJ (0- 1 (x),2r)) > 2r ^ lengthy (/ (7)) = ^(^(jc), /(g)), 
by the same argument as in the proof of Lemma 15.11 Thus 

where C is a constant independent of t k , p' and q. Of course if k is large we 
will have that 

dUr\x)J(q)) - Ce(t fc )3 < e"^ 1 ^^- 1 ^), /(g)). 

Thanks to (|4.ip . there is constant C > independent of tf. such that 
^ Cujm on /~ 1 (.B il ;(<^ -1 (x), 2r)). Let 7^ be minimal geodesies of ujm 
connecting p k and p 1 , which satisfy "y' k C f~ 1 (B u (4>~ 1 (x), 2r)) for S> 1. 
Thus 

dcj tk (p,Pk) < length itfc (7^.) < lengthy (7^,) = C^d^ip' ,p k ) -> 0. 
The triangle inequality shows that 

|<fct fc (p*,g) -^(^ 1 (x),/(g))| < Ce(t fc )^ +C5^ M (p',p jt ). 
Hence there is a function p(t&) of t& such that pit}.) —> when — > 0, and 

f-^B^-^r - p(t k ))) C (p fc) r) C f-\B u {<jr X {x),r + 
We obtain that 

lim / ^M= 4' 

**- +0 -^ tfc (p*,r) 

Note that 

,~,n _ ,ri-m n 

Hence 



Vob tfc (£cD ffc (Pfc,r)) 
Vob tfc (^ tfc fe,l)) 



f _ + n—m, ,n f , ,n '■ 

when t fc -> 0. By (pTTj) . 



]/ (x,r) = u / c^, where u= / 
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Recall the diameter bound from (37J EH] 

diarn^ (M) < D 



for a constant D > 0. Using (15. If) . we have 

v{X) = V S) {x,D)=\mx V k { Pk ,D) = v [ u M . 

□ 

Proof of Theorem We prove that Xq C X is dense. If this is not true, 
there is a metric ball B^ x {x',p) C X\Xq. Note that 

diam^ x (X) = lirn^ diam^ (M) ^ L>. 

Because of (|5.2|) . we have 

u(B dx (x',p)) > fx(p,D)u(X) =w>0. 
For any compact subset K C Xq, 

v(K) ^ z/(X) — w = v oo' M — w 

JM 

by Lemma 15.21 If Bd x (xi,ri) is a family of metric balls in (X, dx) such 
that n < 8 -C 1, Bd x (xi,2ri) is a geodesically convex subset of Xo, and 
Ui-B^Xi,^) D K, then 

; Jf-i(<h-HB,(x,„r,))) Jf- 



by Lemma 15.21 Thus 



/ w£ f < lim ^(if) = lim inf { VZ (^> r i)l r * < 5 f = U ( K )- 

jf-i(<t>-i(K)) w It j 



u(K)>v f uh-%=v [ 



By taking K large enough such that 

w 

U'm - ~7y ' 
'/^(No) z ^ A/ ^ 

we obtain a contradiction. □ 
Remark 5.3. In fact, the same proof shows that v(X\Xq) = 0. 
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